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Abstract. We partially confirm a conjecture of Donaldson relating the greatest Ricci 
lower bound R{X) to the existence of conical Kahler-Einstein metrics on a Fano manifold 
X. In particular, if Z? £ | — Kx\ is a smooth simple divisor and the Mabuchi if-energy 
is bounded below, then there exists a unique conical Kahler-Einstein metric satisfying 
Ric((;) — Pg + (1 — I3)[D] for any /3 £ (0, 1). We also construct unique smooth conical 
toric Kahler-Einstein metrics with /3 — R{X) and a unique effective Q-divisor D £ [—Kx] 
for all toric Fano manifolds. Finally we prove a Miyaoka-Yau type inequality for Fano 
manifolds with R{X) — 1. 
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1. Introduction 

The existence of Kahler-Einstein metrics has been a central problem in Kahler geometry 
since Yau's celebrated solution |51j to the Calabi conjecture. Constant scalar curvature 
metrics with conical singularities have been extensively studied in \28\ HSj [26] for Riemann 
surfaces. In general, we can consider a pair (X, D) for an n-dimensional compact Kahler 
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manifold and a smooth complex hypersurface D oi X. A conical Kahler metric g on X 
with cone angle 27r/3 along D is locally equivalent to the following model edge metric 

n-l 

g = dZj (8) dZj + \Zn\~'^^^~^^dZn dzn, 

i=i 

if D is defined by z„ = 0. Applications of conical Kahler metrics are proposed [13 US] 
to obtain various Chern number inequalities. Recently, Donaldson developed the linear 
theory to study the existence of canonical conical Kahler metrics in [TJ]. And Brendle 
in [H] solved Yau's Monge-Ampere equations for conical Kahler metrics with cone angle 
27r/3 for /3 S (0,1/2) along a smooth divisor D. The general case is settled by Jeffres, 
Mazzeo and Rubinstein [18] for all /? G (0, 1). As an immediate consequence, there always 
exists conical Kahler-Einstein metrics with negative or zero constant scalar curvature with 
cone angle 27r/3 along a smooth divisor D for /3 S (0, 1). When X is a Fano manifold, 
Donaldson'proposes to study the conical Kahler-Einstein equation 

(1.1) Ric(a;) = /3w + (l-/3)[Z)], 

where D is smooth simple divisor in the anticanonical class [— i^x] and f3 £ (0, 1). One of 
the motivations is that one can study the existence problem for smooth Kahler-Einstein 
metrics on X by deforming the cone angle. Such an approach can be regarded as a variant 
of the standard continuity method. 

In particular, since Tian and Yau have already established the existence of a complete 
Ricci-flat Kahler metric on the non-compact manifold X\D in [36], one would expect that 
(II. ip is solvable for /3 sufficient small. This is comfirmed successfully by Berman in [5]. 
Now the question is how large /3 can be. The largest /3 is closely related to the following 
holomorphic invariant known as the greatest Ricci lower bound first introduced by Tian in 

m- 

Definition 1.1. Let X be a Fano manifold. The greatest Ricci lower bound R{X) is defined 
by 

(1.2) R{X) = sup{/3 I Ric(w) > Pu, for some smooth Kahler metric oo G ci(X)}. 

It is proved by Szekelyhidi in [30] that [0, R{X)) is the maximal interval for the continuity 
method to solve the Kahler-Einstein equation on a Fano manifold X. In particular, it is 
independent of the choice for the initial Kahler metric when applying the continuity method. 
The invariant R{X) is explicitly calculated for blown up at one point by Szekelyhidi 
|40j . and for all toric Fano manifolds by Li [21]. It is well-known that Mabuchi ET-energy 
being bounded from below implies R{X) = 1 and it is proved in [30] that R{X) = 1 implies 
X being X-semistable. The following conjecture is proposed by Donaldson in [15] to relate 
R{X) to the existence of conical Kahler-Einstein metrics. 

Conjecture 1.1. There does not exist a conical Kahler-Einstein metric solving if 
(3 G {R{X),1], while there exists one if (3 £ {0,R{X)). 

This conjecture can be considered as a different geometric interpretation of the invariant 
R{X). Another importance of the conjecture lies in the fact that it supplies a new approach 
to the Yau's conjecture [53] on the equivalence of existence of Kahler-Einstein metric for 
Fano manifolds and certain algebro-geometric stability condition, which is refined and ex- 
tended by Tian 03] and Donaldson [11] . The algebro-geometric aspect of Conjecture 11.11 
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has been studied by Li [23], Sun [39], Odaka-Sun [3l] and Berman [6]. In particular, the 
notion of Log iC-stabihty is introduced in [23] and [M] as the algebro-geometric obstruction 
to solve equation (ll.ip . In particular, R{X) can be applied to test the Log i^-stability of X 
when it is toric Fano. In [H], Berman proves that Log X-stability is a necessary condition 
to the solution of (ll.ip . This naturally leads to the Log version of Yau-Tian-Donaldson 
conjecture, that is, to establish the equivalence of the solvability of (ll.lj) and the Log K- 
stability of {X, D) (cf. j23j and [31] )• An interesting observation made by Sun in [39] is that 
if-stability implies Log iC-stability. 

Now we describe the main results of the present work. The first one is to partially confirm 
Conjecture 11.11 We consider a more general class of conical Kahler-Einstein metrics with 
smooth simple divisors in any pluricanonical systems, and remove the assumption in |15] 
on D by showing there exists no holomorphic vector field tangential to D (cf. Theorem 
[23]). 

Theorem 1.1. Let X be a Fano manifold and R{X) be the greatest lower bound of Ricci 
curvature of X. 

(1) For any f3 G 1] and any smooth simple divisor D € | — mKx\ for some 
m € there does not exist a smooth conical Kdhler- Einstein metric uj satisfying 

(1.3) Riciu) = l3oj + ^—^[D], 

m 

ifR{X) < 1. 

(2) For any (3 G (0, R{X)), there exist a smooth simple divisor D G \ — mKx\ for some 
m G Z"*" and a smooth conical Kahler-Einstein metric uj satisfying (11. 3p . 

The second part of the theorem is not completely satisfactory in the sense that one would 
like to have an m that is independent of /? G {0,R{X)). In the case when the Mabuchi 
i^T-energy is bounded below, or more generally R{X) = 1, we show that D and /? do not 
rely on /?. 

Theorem 1.2. Let X be a Fano manifold. If the Mabuchi K-energy Ai is bounded below 
and if D £ | — Kx\ is a smooth simple divisor, then for any (3 G (0, 1) there exists a smooth 
conical Kahler-Einstein metric satisfying the conical Kahler-Einstein equation 

Ric(a;) = /3w + (1 - /3)[L']. 

In general, if the paired Mabuchi K-energy M d,r{x) bounded below for a smooth 
simple divisor D £ \ — mKx\ for some m G Z"*", then for any /3 G {0,R{X)) there exists a 
smooth conical Kahler-Einstein metric satisfying equation /il.3\) . 

We would like to remark that most results of Theorem 11.11 and 11.21 are independently 
obtained by Li and Sun [23]. Theorem 11.21 might have many applications. In particular, 
if the Mabuchi iT-energy is bounded below, there exists a sequence of conical Kahler- 
Einstein metrics Ric((7e) = (1 — €)g + e[D] as e — )• 0. {X,g^) might converge in Gromov- 
Hausdorff topology to a Q-Fano variety X^o coupled with a canonical Kahler-Einstein 
metric. Theorem 11.21 also holds if R{X) = 1 and D £ \ — mKx\ for some ?n > 2 as in the 
following proposition. By Bertini's theorem, there always exists a smooth simple divisor 

G I — mKx\ for m sufficiently large. 
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Proposition 1.1. Let X he a Fano manifold and D € | — mKx\ be a smooth simple divisor 
for some m> 2. Then for any j3 G (O, ^^^rrwYT^)) there exists a smooth conical Kdhler- 



m-B{X) 

Einstein metric oj satisfying (ll.3j) for D. In particular, when R{X) = 1, equation (11.3P 
with D is solvable for any j3 G (0, 1). 

The invariant R{X) can also be identified as the optimal constant for the nonlinear 
Moser-Trudinger inequality. Let X be a Fano manifold and uj G ci{X) be a smooth Kahler 
metric on X. One can define the following F- functional by 

(1-4) = JM -yJ^ipco^-^log^J^ e-^^u;^, 

where 



a/— T i + 1 f 



=0 

is the Aubin-Yau functional, = a; + \/—lddip > and V = J^w". As a corollary 
of Theorem II. H we can establish a connection between R{X) and the Moser-Trudinger 
inequality. 

(1) If /? G {0,R{X)), Fi_j^p is bounded below and J-proper (see Definition 12. 2p on 
PSH{X,io) n L°°(X), or equivalently, there exist e, > such that the following 
Moser-Truding inequality holds 



e 

X 



for if G PSH{X,uj) n L°°(X). 
(2) If /3 G {R{X),1), then 

inf F^,i3{-) = -oo. 

PSH{X,u)nL^{X) 

It is first proved in [44 ^ ITT] for the properness of F-functional on Fano Kahler-Einstein 
manifolds without holomorphic vector fields. The J-properness for F is conjectured in this 
case in [H] and is later proved in [33]. The presence of the smooth divisor D for /3 G (0, 1] 
blocks holomorphic vector fields as shown in Theorem 12.11 It is interesting to ask if -FL;,/? 
is always bounded below on PSH{X,uj) H L°°{X) if /3 = R{X). In the case of toric Fano 
manifolds, -FLj,/? is indeed bounded from below if /3 = R{X) as a corollary of the following 
theorem (Corollary 13. ip . A more interesting problem will be to understand the limiting 
behavior of the conical Kahler-Einstein metrics as /3 — )■ R{X) as the holomorphic vector 
field will appear in the limiting space. The following theorem serves an example for the 
above speculation. 

Theorem 1.3. Let X be a toric Fano manifold. Then there exist a unique effective toric 
Q-divisor D G | — Kx\ and a unique smooth toric conical Kahler metric oj satisfying 

(1.5) mc{io) = R{X)lu + {1 - R{X))[D]. 
Furthermore, R{X) is the largest number for /3 G (0, 1] such that 

(1.6) Riciu;) = (3uj + {1 - p)[Df,] 

admits a smooth conical toric solution LOp for an effective toric M-divisor Dp in [—Kx]- 
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We remark that the divisor D can not be smooth, instead it is a union of effective smooth 
toric Q-divisors with simple normal crossings. Theorem 11.31 is closely related to the results 
of [22] with a different approach for the limiting behavior of the continuity method. The 
proof of Theorem 11.31 relies on the toric setting introduced in |12| [T^ and the estimates 
in jSOj . For /3 > R{X), there still exists a smooth conical solution for equation (II. 6p . 
however, Djs won't be effective and so the Ricci current of the conical metric cannot be 
positive. In Theorem 11.31 R{X) will be explicitly calculated as in |21j and D is determined 
by Lemma 13.21 and Lemma 13.31 . For example, when X is blown up at one point, it 
admits a toric bundle vr : X ^ then R{X) = 6/7 and D = 2D^ + {Hi + i?2)/2, 
where Dqo is the section at the infinity. Hi and H2 are the two P^ fibres invariant under 
the torus action. This seems to suggest that Donaldson's conjecture might only hold for 
smooth simple divisors lying in the pluri-anti-canonical system. In fact, it is shown in |24] 
Theorem 11.31 can be applied to prove Conjecture 11.11 in the toric case when one is allowed 
to replace | — Kx\ by the linear system of a suitable power of —Kx- 

Finally, we will give some applications of Theorem 11.21 In general, the conical Kahler 
metrics do not have bounded curvature tensors, as they might blow up near the conical 
divisor, particularly when the cone angle is greater than vr. However, we can show that if 
the Ricci curvature of a conical Kahler metric is bounded, its curvature tensors are always 
bounded in L^-norm. 

Proposition 1.2. Let X he a Kahler manifold and D he a smooth simple divisor on X. 
Let g he a smooth conical Kahler metric on X with cone angle 2tt(3 along D with (3 G (0, 1). 
// the Ricci curvature of g is hounded, the L'^-norm of the curvature tensors of g is also 
hounded. 

When we say the Ricci curvature of a conical Kahler metric g is bounded, it means 
that the Ricci curvature of g is uniformly bounded on X \ D by ignoring the mass along 
D in the Ricci current. Proposition 11.21 enables us to define Chern characters, and in 
particular the Chern numbers for those conical Kahler metrics and derive corresponding 
Gauss-Bonnet and signature formulas for Kahler surfaces with conical singularities along 
a smooth holomorphic curve S. This is related to recent results of Atiyah and Lebrun [T] 
for smooth Riemannian 4- folds. In fact, the bound of L^-norm of the curvature tensors 
only depend on the scalar curvature bound and topological invariants such as intersection 
numbers among D, the first, second Chern classes. When the greatest Ricci lower bound 
R{X) is 1, we have the Miyaoka-Yau type inequality holds for X as in the Kahler- Einstein 
case |291l52j. In such a case, X is i^-semistable |30j and the result below refiects the general 
perspective connecting ET-semistability and the Chern number inequality. 

Theorem 1.4. Let X he a Fano manifold. If R{X) = 1, then the Miyaoka-Yau type 
inequality holds 

(1-7) C2(X) • ci{XT~' > ^^^^ciiXr. 

In general, if D G \ — Kx\ is a smooth simple divisor and if the paired Mabuchi K -energy 
■M.D,i3 is hounded helow, then 

(1-8) C2{x) . ciixr-' > ^^^ciixr. 
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Parallel argument can be applied to give a complete proof of the Chern number inequality 
for smooth minimal models of general type using conical Kahler-Einstein metrics. This 
approach is first proposed by Tsuji [l9], while the analytic estimates seem missing. We 
remark that the first complete proof for smooth minimal models of general type is due to 
Zhang [54] by using the Kahler-Ricci flow. 

2. R{X) AND CONICAL KAHLER-EiNSTEIN METRICS 

2.1. Paired energy functionals. In this section, we recall the paired energy functionals 
originally introduced in [5]. 

Definition 2.1. Let X be a Fano manifold anduj G ci{X) he a Kdhler current with hounded 
local potential and VIq he a nonnegative real [n^n)- current on X whose curvature 

e = -y/^ddlogQe G ci{X) 

is a nonnegative {1,1) -current. Let Vt^ he a nonnegative real {n,n)-current on X defined 
by 

y/^dd log Qui = 

Suppose that for some j3 G (0, 1], 

I {n^)P{nef~P = v = ci{x)^. 

We define the paired F-functional hy 

(2.9) F^,,,^(v.) = UV) - 1 ^ ^a;" - i log i ^ {e-^^^f {Qg)'-^ , 
for 99 G PSH{X,uj) n L^{X), where 

is the Auhin-Yau J -functional and uj^p = uj + \/—ldd(p > 0. 
The Euler-Lagrangian equation for (j2.9p is given by 

(2.10) {00 + ^/^a9(^)" = {e-m^)^{ne)'-^, 
and the corresponding curvature equation is 

(2.11) Ric{up) = Pcj^ + (1 - P)9. 

When /3 = 1, F^^Q^p[(p) = Fi^ is the original Ding's functional [10| . The paired F- 
functional also satisfies the cocycle condition by slightly modifying the proof for the original 
F-functional. 

Lemma 2.1. -Ftj,6»,/3 satisfies the following cocycle condition 

(2.12) F^^eA^) - Fu.^,eA^ " V') = Fuj,e,M 
for any 99, ^ G PSH{X, uj)nL°°{X). 

If we write F(uj, ui^) = F^fiAv)i then the cocycle condition is equivalent to the following 

F{uj, ujp) + F{uj^p,uj^) + F{uj^, uj) = 0. 
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Definition 2.2. We say a functional G{-) is J -proper on PSH(X,u}) n L°^{X) if there 
exist 6, Cs > such that 

G{ip) > 6JU^) - Cs 

for all f G PSH(X,a;) n 

Let X be a Fano manifold and D he a smooth simple divisor in | — mKx\- Let s be a 
defining section of [D]. Since s £ H^{X, —mKx), 

_2_ _\ — J- 

il£) = \s\ = (s (S> s) ™ 

can be considered as a smooth nonnegative real (n, n)-form with poles along D of order 
m~^. Obviously, Ric(0i5) = —y/^^ddlogQu = m~^[D]. We then define the following 
notations for conveniences. 

Definition 2.3. Let D G | — mKx\ be a smooth simple divisor for some m G Z^. We 
define 

(2.13) ^uiAf) = Fuj,m-^D]A^) 

= JM - ^ v^cu" - i log i ^ e-^^in^finn)'-^ 

and 

(2.14) = J4^) - 1 ^ .^logl-J^ e-^^co-. 

In order to relate the Moser-Trudinger inequality to R{X), we introduce 

Definition 2.4. Let X be a Fano manifold and uj £ ci{X) be a smooth Kdhler metric. We 
define the optimal Moser-Trudinger constant by 

mt(X) = sup |/3 G (0, 1] I inf F^^p{-) > -oo j . 

It is straightforward to verify that the invariant mt(X) does not depend on the choice of 
the Kahler metric oj G c\{X). 

We also define the following paired Mabuchi X-energy for conical Kahler metrics first 
introduced in [5]. Here a conical Kahler metric is called smooth if it a polyhomogenous 
Kahler edge metric defined by Jeffres, Mazzeo and Rubinstein in [18] and we let ^{X) 
denote the set of all smooth conical Kahler metrics with cone angle 27r/3 along the smooth 
divisor D. 

Definition 2.5. Let X be a Fano manifold. Suppose uj and u^p are two smooth conical 
Kdhler metrics in ci{X) with cone angle 2tt{1 — (1 — /3)/m) along a smooth simple divisor 
D G I — mKx\. The paired Mabuchi K -energy is defined by 

(2.15) M^,p[ip) = ^ [ log - f3{L^ - JM^) + ^ f hUu" - 

y Jx V Jx 

where h^j is the Ricci potential of u defined by ^J—lddh^^ = Ric(ci;) — uj, and 

n— 1 „ 

i=0 ■'^ 

is the Aubin-Yau L -functional. 
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It is proved in [5] that if the conical Kaheh-Einstein equation is solvable for the data 
(D,/?), both T^^fi and Mui^p are bounded below PSH{X,uj) n C°°(X)£)^^. Furthermore, if 
one is bounded below, the other must also be bounded below, and conversely, if either of 
the functionals is J-proper, the Monge- Ampere equation associated to the conical Kahler- 
Einstein equation admits a bounded solution j5j . Moreover, the solution is a smooth conical 
Kahler-Einstein metric in the sense of |18j . 

2.2. Pluri-anticanonical system. In this section, we will remove the assumption on the 
smooth simple divisor D in [15] and construct conical Kahler-Einstein metrics by deforming 
the angle along the continuity method. 

The following lemma is an immediate consequence of the adjunction formula and Bertini's 
Theorem. 

Lemma 2.2. Let X he a Fano manifold of dimX > 2. For any sufficiently large m £ Z+, 
there exists a smooth simple divisor D £ \ —mKx \ ■ In particular, 

1 — Yn 

ci{D) = (1 - m)ci(X) \d= [D]\d. 

m 

This shows that the smooth simple divisor D lies in | — mKx \ is a Calabi-Yau manifold 
if and only if m = 1. 

Theorem 2.1. Let X be a Fano manifold of dim X > 2 and D be a smooth simple divisor 
in I — mKx\ for some m G Z"*". Then there does not exist any holomorphic vector field 
tangential to D. 

Proof. For dim X = 2 \t follows from the classification that if X admits a nontrivial holo- 
morphic vector field, X is isomorphic to P^, x P^ or P^ blown up at 1,2 or 3 points. 
D £\ — m,Kx\ implies that g{D) > 1. For P^ blown up at 0, 1, 2 or 3 points, any holomor- 
phic vector field on X is the lifting of a holomorphic vector field on P^ fixing the blown-up 
points. Hence any smooth invariant divisor of such holomorphic vector fields on X must be 
P^ with g{D) = 0. It is also straightforward to check that any invariant divisor on P^ x P^ 
must also be P^. So from now on let us assume that dimX > 3. 

First, we claim that if there exists such a holomorphic vector field, it must vanish along 
D. Since X is Fano, we have tti{X) = and hence tti{D) = by Lefschetz hyperplane 
theorem and our assumption that dimX > 3. Since m > 0, either ci{D) < or D is a 
simply connected Calabi-Yau manifold by Lemma [2. 2 [ In both cases D does not admit any 
nontrivial holomorphic vector field. So our claim is proved. 

Second, we claim there is no holomorphic vector field vanishing along D. It suffices to 
show that 

(2.16) H^{X, TX (g) K"^) = 

thanks to the following exact sequence 

> TX(S)K^ > TX > TX \d > 0. 

Since TX Kx = we have 

H°{X, TX ® K^) = H^{X, 17^^-1 ® Kf"^-^^)). 

Now if m > 1 then the right hand side is by Kodaira-Akizuki-Nakano vanishing theorem 
and the fact that Kx is negative. For m = 1, equation ()2.16p follows from H'^{X,VL^^) = 
H^~^{X, Ox) = by Kodaira vanishing theorem and X being Fano. □ 
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Remark 2.1. Theorem \2.1\ is speculated by Donaldson ^l5j and is proved in [5] for the 
special case when the holomorphic vector field is Hamiltonian and m = 1. 

Combined with the openness result in [TSj, we immediately have the following corollary. 

Corollary 2.1. Let X be a Fano manifold and D £ \ — mK\ be a smooth simple divisor 
for some m G Z"*". // there exists a smooth conical Kdhler- Einstein metric satisfying 

for some /3 G (0, 1), then there exists e > such that for any /?' with |/3 — /3'| < e, there 
exists a smooth conical Kdhler- Einstein metric g' satisfying Yiic{g') = p' g + [D\. 



2.3. The a-invariant and the Moser-Trudinger inequality. Let X be a Fano mani- 
fold and L> be a smooth simple divisor in | — mKx\ for some m G Z"*". Let w' S ci(X) be 
a smooth Kahler form and let Q^' be a smooth volume form on X such that 

Ric(ri^/) = —^/^ddlogQi^/ = uj'. 

We now apply the continuity method and consider the following family of equations for 
/3g [0,1]. 

(2.17) {u' + V^ddiptT = e-*'^'(O,0''(^^D)'-^ t G [0,/3]. 

We let 

S = {t £ [0,(3] I (j2.17p is solvable for some t with uJt a smooth conical Kahler metric }. 

By the results in [18], £ S and S is open. Let uit = uj + (ft for any t £ S. The curvature 
equation of (j2.17p is given by 

Riciut) = tut + (/3 - t)uj' + ^—^[D] > tujf 

m 

Hence the Green's function for ojt is uniformly bounded below by t for all t G |18j . 
Furthermore, let be the Laplace operator associated to uJt- Then 

Atv?* = -^t - tiff 

Following the argument for smooth case with slight modification to the conical Kahler 
metrics, one can show the following proposition. It is proved in a more general setting in 

Proposition 2.1. Let X be a Fano manifold and D S \ — mKx\ be a smooth simple divisor. 
(1) If there exists /3 G (0, 1] and a smooth conical Kdhler- Einstein metric coke satisfying 

1-/3 

Ric{uJKE) = PUJKE H [D], 

m 

then the paired F -functional 

is uniformly bounded below for all ip G PSH{X,ujke) H L°°{X). 
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(2) If u} £ ci{X) is a smooth Kdhler metric and J-uj,i3if) is J -proper on PSH{X,uj) D 
L°°{X) for some /3 E (0, 1], then there exists a unique smooth conical Kdhler metric 
ujke solving 

Ric{ujKE) = /3UJKE + - — -[D]- 

m 

Same argument in the proof of Proposition 12.11 can be applied to prove the following 
lemma if replacing m^^[D] by a smooth Kahler metric 9 S ci{X). 

Lemma 2.3. Let X be a Fano manifold and 9 be a smooth Kdhler metric in ci{X). 

(1) // there exists a smooth Kdhler metric ug on X satisfying 

Riciue) = f3ujg + (1 - P)9 
for some /? G (0, 1]. Then 

is uniformly bounded below on PSH{X,uj) L°°(X). 

(2) If uj £ ci{X) is a smooth Kdhler metric and -PL;,6»,^('/?) is J -proper on PSH{X,uj)ri 
L°°(X) for some (i G (0,1], then there exists a unique smooth Kdhler metric ujg 
solving 

mc{uje) = puj0 + (1 - ^)9. 

The a-invariant is introduced by Tian [51] to obtain a sufficient condition for the exis- 
tence of Kahler-Einstein metrics on Fano manifolds. It is shown by Demailly [9] that the 
a-invariant coincides with the log canonical threshold in birational geometry. It is natural 
to relate the log canonical threshold for pairs to the paired a-invariant. It is first introduced 
in [5] as a generalization for the a-invariant. 

Definition 2.6. Let X be a Fano manifold and D £ \ — mKx\ be a smooth simple divisor. 
Let s be the defining section of [D] and h be a smooth hermitian metric for —mKx ■ Let 
(jj G ci{X) be a smooth Kdhler metric. Then we define the paired a-invariant for f3 G (0, 1] 
by 



(2.18) aD,/3(^) = sup< a > 



sup / |s|/^'"'"e-"'^(^-^'^P^)L^" < oo 

ip£PSH{X,u])nL°°{X) Jx 



It is straightforward to check that the invariant a/j^/j does not depend on the choice of 
oj G ci{X). The following theorem is due to Berman [5] for an effective bound on a/)^^ to 
construct conical Kahler-Einstein metrics by combining the results in |18j . 

Theorem 2.2. There exists £ (0, 1] such that for all 13 G (0, Pd] we have 



n 



(2.19) aDAX)> 
In particular, there exists a smooth conical Kdhler- Einstein metric uj G Ci{X) satisfying 

Kidoj) = /3a; + 

m 



for/3£{0,p_ 



D 
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In [36], the first author proves that if the a- invariant on an n-dimensional Fano man- 
ifold is greater n/(n + 1), then the F- functional is J-proper. The following theorem is a 
generalization for the conical case. 

Theorem 2.3. Let X be a Fano manifold and oj € ci{X) be a smooth Kdhler metric. If 
D € I — mKx\ is a smooth simple divisor and if there exists (3 G (0, 1] such that 

Tl 

then the functional 

as in Definition \2.3\ is J-proper on PSH{X,uj) D L°^{X). 
Proof We break the proof into the following two steps. 

Step 1. Since a£)^js{X) > n/{n + 1), by Theorem 12.21 there exists a smooth conical Kahler- 
Einstein metric ujke satisfying 

1-/3 

K\c{uj ke) = I^UJKE H [D]. 

m 

Let PSH{X,u}KE,K) be the set of ah G PSH{X,ujke) n such that 

(2.20) OSCX9? = sup If — inf If < {n + 1) J^^^^, (v?) + K. 

X ^ 

We claim that Tuike,!^ J-proper for all tp £ PSH{X,ujke, K). To see that, take 
a satisfying 

nj3 

< a < B mm(a£) «, 1) 

n + 1 ^ ' 

and let 0/) = then we have 

g-Z^iPf^^ — / g-a('^'-sup'^')+(a-^)</'-asup(/3j-j^ 

X Jx 



X 



< Q gia-fS) inf ip-a sup ip / ^-a(tf-suptp)Q^ 

~ Jx 

^ /3) inf Q sup 

by the definition of ao./i- By assumption (j2.20p . we have 

e~^'^Q,D < Ce^^~°'^^'^~^^^'^'^KE('fiyi^^^P'fi) 

< Ce("+^)(^~")-^"A-B (V')- 4 fx V^KE 

and our claim follows by taking logarithm of both sides of the above inequality. 

Step 2. Now we will remove the assumption ([2:20]) for ip G PSH{X,uj) n L°°(X). We first 
consider all G PSH{X,uj) such that uj' = ojke + ^/—^ddip is a smooth conical 
Kahler metric with cone angle 2-k{1 — ^—^) along D. By applying the same argument 
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for smooth Kahler-Einstein metrics to solve the continuity method backward, one 
can show that 



admits a smooth conical solution for t G [0, 1] because the implicit function theorem 
can be applied at t = 1 due to Theorem 12. li In particular, tpi = —(p. 

Let LOt = i^' + \/—lddipt. Note that for t > 1/2, the Ricci curvature of ojke + 
^—ldd{ipt — (fi) = oJt is no less than (3/2. Then the Green's functions for both lo 
and ujt are uniformly bounded from below by —G for some positive number G, and 

^UKsi'P - "Pi) = ircjKEi^t - ^ke) > -n, A^,{ipt - ifi) < n. 
Then by the Green's formula, for t > /3/2, we have 

^ ^(Vt - ^i)^KE -nG< (ift -ifi) <^ j^{ipt - Vi)uJt + nG. 
Hence 

oscxi^Pt - ^i) < lojKEi^t - ^i) + 2nG < (n + l)J^^^{ipt - <^i) + 2nG. 

This implies that ipt — (pi G PSH{X,ujKE-,'^'nG) and then the J-properness holds 
for ift — ifi, and there exist (5, Ci, C2 > such that 

> — —oscx{^t-V>i)-C2- 
n + 1 

Consequently, there exist C3 > such that 

> (i-t)(/..'(v'i)-^'(v'i)) 



Jt 

The third inequality follows by the increasing monotonicity for (/^/ — Juj'){(pt) for 
t € [0, 1]. Then by applying the cocycle condition and the same argument in the 
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smooth case in [441 H7j , we have 



-1 



> {l-t){I^,{ipt)-J^:{ipt)) 

1 - 1 , , 

n 

n n 



Since C5 and Cq are independent of the choice for t > 1/2, by choosing t suffi- 
ciently close to 1, we can find e', C^/ > 0, such that 

(2.21) J'u.keA^) > ^'J^Af) - Ce' 

for all (f G PSH{X, ujke) such that uj^p is a smooth conical Kahler metric with cone 
angle 27r(l - i^) along D. The set of such ip is dense in PSH{X,ujke) n 
and so the J-properness holds for PSH{X,ujke) H L°°{X). 

Step 3. Finally, the J-properness for any oj follows from Lemma [2.1l and the fact the Green's 
function for loke is bounded from below. 

□ 



2.4. An interpolation formula. In this section, we will prove the following interpolation 
formula for the F-functional to obtain J-properness. 

Proposition 2.2. Let X be a Fano manifold and D a smooth simple divisor in \ — mKx\ 
for some m € Let uj be a smooth Kahler metric in ci{X). If there exists a G (0,1] 

such that 

inf J^w,q(-) > -00 

PSH{X,uj)nL°°{X) 

then F^^p{ip) is J -proper on PSH{X,uj) n L'^{X) for all /3 G (0, a). 
Proof We want to show that 



is J-proper for all f3 £ (0,a). 
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First for < r < /3 < a, we write (3 = r/p + a/q for some 1/p + 1/q = 1. Then Holder 
inequality implies the interpolation 

T Ot 

> eJM-C. 

The last inequality follows from Theorem l2.3l bv choosing r sufficiently small so that aD,T > 
n/{n + 1). 

□ 

The same argument in the proof of Proposition 12.21 can be applied to prove the following 
lemma after replacing m~^[D\ by a smooth Kahler metric 9 G ci{X). 

Lemma 2.4. Let X he a Fano manifold and 6 be a smooth Kdhler metric in ci{X). Let u 
be a smooth Kdhler metric in ci{X). If there exists a G (0, 1] such that 

F^Av) = Uv)-^ [ (^^"-iiogi/ e-'^^nA'-'^m'-'^ 

V Jx a V Jx 

is bounded below on PSH{X,AriL°°{X), thenF^A'f) J -proper on PSH{X,AriL'^{X) 
for all P G (0,a). 



We remark that Lemma 12.41 also serves as an alternative proof for Theorem 1.1 in [40 
relating R{X) and the continuity method. 



2.5. Proof of Theorem 11.11 Let us prove the first part of Theorem ll.il 

Proposition 2.3. Let X be a Fano manifold and D be a smooth simple divisor in \ —mKx\ 
for some m G Z+ . If there exist P G (0, 1] and a smooth conical Kdhler- Einstein metric uj 
satisfying 

Ric(w) = Pio + ^—^[D], 
m 

then 

P < R{X). 

In particular, the inequality holds if and only if P = 1. 

Proof. Let coke be a smooth conical Kahler- Einstein metric on X satisfying HAcoke) = 
Pujke + ^— ^[i?]. By Proposition 12.11 we know that J-^j^^^p is bounded below. By Propo- 
sition [2]2l J^oj,/?' is J-proper for all P' G (0,/3). 
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Let uj,9 £ ci(X) be two smooth Kahler metrics on X. The J-properness of J^ui,/3' 
immediately implies the J-properness for 

F^,e,p'{ip) = JM - - [ (^a;" - 1 log i / e-^'^^in^f (ne)'-"' 

Jx P ^ Jx 

because fi/) is strictly bounded below from 0. Then by Lemma [2 .3^ there exists a minimizer 
of Fuj,9,p' which soloves the equaiton 

Ric(a;) = + (1 - f5')9 > ^'u. 

This shows that R{X) > /3' and so R{X) > (3. 

If /3 = R{X) < 1, there must exist e > and a smooth conical Kahler-Einstein metric g 
such that Ric(g) = {j3 + e)g + {l- /3-e)m'~^[D] by Corollary [2Tl Then it is a contradiction 
to the definition of R{X) by repeating the previous argument. 

□ 

We now prove the second part of Theorem 11.11 

Proposition 2.4. Let X be a Fano manifold. Then for any (3 G (0, there exist 

a smooth simple divisor Z) G | — mKx\ for some m G and a smooth conical Kahler- 
Einstein metric g satisfying 

RicH = puj + ^—^[D]. 

m 

Proof. We break the proof into the following steps. 

Step 1. Let uj and 9 be two smooth Kahler metrics in ci{X). For any /3 G (0, by 
Szeklyhidi's result [IQ], the following family of Monge- Ampere equation 

Jx 

is solvable for all t G [0, 1]. Then by Lemma 12.31 

is bounded below on PSH{X,uj) D L°°{X). By Lemma [M for any /?' G (0,/3), 
Flo,i3>{^) is J-proper. It immediately follows that for any /3 G (0, there exist 
£,(7, > such that for ah ip G PSH{X,uj) D L°°(X), 

e'^'^u"- < Cee^'^~^^-^'^^'^^~v-f^xf'^", 

X 

Step 2. Let D he a smooth simple divisor in | — mKx\. We will later choose m sufficiently 
large. Let s be a defining section of D and h he a smooth hermitian metric on 
-mKx- For any (3 G {0,R{X)), there exists 6 > such that /3 + 5 < R{X). Then 
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if we choose m > ■ By the conclusion in Step 1, there exist e, > such 

that 

X 

Equivalently, Fi_j^p{ip) is J-proper on PSH[X,uj) n By Proposition 12. 1^ 

there exists a unique smooth conical Kahler-Einstein metric ojp solving 

Ric(w/3) = /3a;/3 + i^[L»]. 

m 

□ 

Now we can relate the optimal Moser-Tridinger constant to the invariant R{X). 

Corollary 2.2. Let X he a Fano manifold and u G ci{X) he a smooth Kdhler metric. 
(1) If P & (0,i?(X)), F^^p is J-proper on PSH{X,uj) n L°°(X). Equivalently, there 
exist e,C^ > such that the following Moser- Trudinger inequality holds for all 
if £ PSH{X,uj)nL^{X) 

X 



(2) ///3 G {R{X),1), then 

, inf ^ F^A') = -oo- 

PSH(X,uS)nL^{X) 

Proof. For /3 G {0,R{X)) and a fixed smooth Kahler metric 6 G ci{X), there exists a 
smooth Kahler metric a; satisfying Ric(c;j) = I3uj + (1 — 13)9. The corollary is an immediate 
consequence of by modifying the interpolation formula in Proposition 12.21 after replacing 
m-^[D] by 9. 

□ 

Immediately, we can show that R{X) and mi{X) take the same value for a Fano manifold 

X. 

Corollary 2.3. Let X be a Fano manifold. Then 

(2.22) mt{X) = R{X) = sup{/3 G (0, 1) | F^,/? is J-proper on PSH{X,uj) n 
where lo G ci{X) is a smooth Kdhler metric. 



2.6. Proof of Theorem 11.21 Before proving Theorem 11.21 we first quote the following 
proposition establishing the equivalence for the Mabuchi i^-energy and the F-functional 
when either of them is bounded below proved in j25] by applying the Kahler-Ricci flow and 
Perelman's estimates for the scalar curvature. 

Proposition 2.5. Let X he a Fano manifold and u G ci{X) be a smooth Kdhler metric. 
Then Ding's functional is bounded helow on PSH{X,lo) R C°°{X) if and only if the 
Mahuchi K-energy is hounded helow. 

Proposition 12.51 holds for the paired Mabuchi ET-energy and the paired F-functional as 
shown in [5] . One can also apply the continuity method for the conical Kahler metrics with 
positive Ricci curvature as in [3l]. Let PSH{X,uj) H C^^(X) be the set of all bounded (/? 

such that CO + \/—lddip is a smooth conical Kahler metric with cone angle 27r/3 along D. 
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Proposition 2.6. Let X be a Fano manifold and D G | — mKx\ be a smooth simple divisor. 
Let u be a smooth conical Kdhler metric in ci{X) with cone angle 2tt{1 — f3)/m along D. 
Then 



is equivalent to 



inf M^^fii-) > -oo 

PSH(x,uj)nc°° -, _ « (X) 

n i — P. 



inf J"^ s(-) > t — oo. 

PSH{X,u))r\L^{X) 



We can now prove Theorem 11.21 

Theorem 2.4. Let X be a Fano manifold and D be a smooth simple divisor in \ — mKx\ 
for some m G Z"*". // the paired Mabuchi K -energy Muj,r{X) on X is bounded below, then 
for any (3 G {0,R{X)) there exists a smooth conical Kdhler- Einstein metric satisfying 

(2.23) mc{g) = Pg + ^^[D]. 

m 

Proof. Let u £ ci{X) be a smooth Kahler metric. Then by Proposition 12.61 J'uj,R{x)iv) is 
bounded below on PSH{X, uj)riL°^ (X). Applying the interpolation formula in Proposition 
[221 J^u,i3 is J-proper on PSH{X,u) n for ah /3 G {0,R{X)). The theorem follows 

by Proposition 12.11 □ 

When the Mabuchi i^T-energy is bounded below on X, for any /3 G (0, 1), there exists 
a conical Kahler-Einstein metric satisfying equation (j2.23p for m = 1. In this case, D is 
a smooth Calabi-Yau hypersurface of X. If we only assume R{X) = 1, we have the same 
conclusion in Theorem 12.41 for the linear systems | — mKx\ with m > 2. 



Proposition 2.7. Let X be a Fano manifold and D be a smooth simple divisor in \ — mKx\ 
for some m > 2. Then for a: 
Einstein metric lo satisfying 



for some m > 2. Then for any /3 G (o, ^\n-RpC)^ ) ' ^^^re exists a smooth conical Kdhler- 



mduj) =puj + - — -\D]. 

m 

In particular, when R{X) = 1, we have conical Kahler-Einstein metric for any /3 G (0, 1). 

Proof. We prove the case for R{X) = 1 and the general case follows from the same argu- 
ment. Let s be the defining section of | — mKx\ and h he a smooth hermitian metric of 
—mKx- Then \s\^^'^ is integrable for any e > 0. Furthermore, -PL,(i-/3)m-i[D],/3 is proper 
for any smooth Kahler forms uj,6 G ci{X) if /3 G (0, 1), Then the proposition can be proved 
by similar interpolation argument in the proof of Theorem 12.41 

□ 



3. Conical toric Kaher-Einstein metrics 

3.1. Conical toric Kahler metrics. In this section, we will introduce toric conical Kahler 
metrics on toric Kahler manifolds and corresponding toric Kahler and symplectic potentials 
as in \12\ I13|. We begin with some basic definitions for toric manifolds. 
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Definition 3.1. A convex polytope P in M" is called a Delzant polytope if a neighborhood 
of any vertex of P is SL{n,Z) equivalent to {xj > 0,j = l,...,n} C M". P is called an 
integral Delzant polytope if each vertex of P is a lattice point in Z". 

Let P be an integral Delzant polytope in R" defined by 

(3.24) P = {x G R" I lj{x) > 0,j = l,...,iV}, 
where 

Ij (x) = Vj ■ x + Xj 

and Vi a primitive integral vector in Z" and Xj G Z for all j = 1, ...,N. Then P defines an 
n-dimensional nonsingular toric variety by the following observation. 

For each n-dimensional integral Delzant polytope P, as in \12\ I13j . we consider the 
set of pairs {p,Vp^i}, where p is a vertex of P and the neighboring faces are given by 
lp,i{^) = Vp^i ■ X — Xp^i > for i = 1, n. For each p, we choose a coordinate chart C" with 
z = (zi, ■.■,Zn)- Then for any two vertices p and p', there exists G GL{n,Z) such that 

Furthermore, we have 

<7py • CTpi^pii ■ Gpii^p = 1. 

Therefore ap^pi serves as the transition function for two coordinate charts over (C*)". 

More precisely, let z = and z' = {z'^, z'^) G C" be the coordinates for the 

chart associated to p and p' respectively. Suppose fjpy = (ajj). Then 

i 

Each integral Delzant polytope uniquely determines a nonsingular toric variety Xp by 
such a construction with the data (p, {wp,i}F=i)- The constant Xp^i determines an ample 
line bundle L over Xp, and moreover, 

H^{Xp,L) = spa7i{z"}^^^„^-p. 

Let ifp = log(X]Qg2„p|p Then cop = yj—lddtpp is a smooth Kahler metric on 

(C*)" and it can be smoothly extended to a smooth global toric Kahler metric on Xp in 
ci(-L). Then the space of toric Kahler metrics in ci(L) is equivalent to the set of all smooth 
plurisubharmonic function on (C*)" such that ip — ipp is bounded and \/^^ddip extends 
to a smooth Kahler metric on Xp. If we consider the toric Kahler potential ip which is 
invariant under the real torus action, we can view (/? as a function in M" by 

V = V(P), P = {PU-,Pn), Pi = log\Zif. 

One can also define a symplectic potential u on P by 

N 

(3.25) u{x) = J2^j{x)\oglj{x) + fix) 

i=i 

such that f{x) G C°°{P) and u{x) is strictly convex in P. It is due to Guillemin |17j 
that the toric Kahler potential and the symplectic potential are related by the Legendre 
transform 



p{p) = Cu{p) = sup(x • p — u{x)), u{x) = Cip{x) = sup {x ■ p — ip{p)) 

x&P p6K" 
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or equivalently 

^p{p) = X ■ p - u{x), u{x) = X ■ p - ip{p), X = Vpifip), p = Vxu{x). 

Now we would like to generalize the Guillemin condition to toric conical Kahler metrics 
on Xp. This can be considered as a generalization of orbifold Kahler metrics by replacing 
the finite subgroup by possibly infinite non-discrete subgroup of (S"^)". Suppose that the 
integral Delzant polytope is defined by 

P = {x G M" I lj{x) = vj-x + Xj > 0, j = 1, N} 

with Vj G being a primitive lattice point and Xj G Z. 

On each coordinate chart determined by the pair (p, {'yp,i}"=i) associated to a vertex of 
P, we let z = {zi,...,Zn) be the coordinates on Z". {zi = 0} extends to a smooth toric 
divisor of Xp. Let D be a toric divisor of Xp and suppose D restricted to this coordinate 
chart is given by 

n 

'^ai[zi = 0]. 

i=l 

For any function /(z) invariant under the (S'^)"-action, we can lift it to a function 

f{w) = f{z) 

by letting 

\wi\ = \zi\^/f^\ w = e C", 

and clearly /(w) is also (S'^)"-invariant. w G C" is then a /3-covering of z G C". Then we 
can consider the (S'^)"'-invariant function space for k G and a G [0, 1] 

c^:; = {/W = /(l^il, kni) I /M G c^'"(c")}. 

This in turn defines the weighted function space 

Cj'"(Xp),/3 = (/3i,...,/3^)G(M+)^ 

whose restriction on each chart belongs to C^'" with respect to the weight /3 and /3j cor- 
responding to the divisor induced by lj{x) = 0. Then we can define the space of weighted 
toric Kahler metrics on Xp by considering a Kahler current lo whose restriction on each 
chart is given by 

u = ^/—Iddipp 

such that G C^p- Such a weighted toric Kahler metric is naturally a smooth conical 
Kahler metric with cone angle 27r/3j along [zi = 0] and is called a smooth /3-weighted Kahler 
metric. The local lifting (p{w) is a smooth plurisubharmonic function on the lifting space 
w G C". 

We can also define the space of weighted toric Kahler potential (/? on (C*)" such that 
if — if P is bounded and \/—ldd(p extends to a smooth weighted Kahler metric on Xp. 
We now define a weighted symplectic potential 

N 

u{x) = Y,fiJ^h{x)^^&h{^) + fi^) 

for / G C°°{P) for j = 1, ...,n such that / G C°°{P) and u is strictly convex in P. Then 
the weighted Kahler potentials and the weighted symplectic potential determine each other 
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uniquely. The following is a straightforward generalization of the Guillemin condition for 
conical toric Kahler metrics. 

Proposition 3.1. The weighted toric potential (p and the weighted symplectic 
potential are related by the Legendre transform 

(p{p) = Cu{p) = sup(a; • p — u{x)), u{x) = Cip{x) = sup {x ■ p — (p{p)) 

X&P 



or equivalently 

ip{p) = X ■ p — u{x) with X = V pip{p) and u{x) = x ■ p — ip{p) with p = Vxu{x). 

In particular, ifu{x) = fSj^ lj{x) log I j (x) + f{x), then the cone angle of the corresponding 
conical toric Kahler metric is 27r/3j along the toric divisor determined by lj{x) = 0. 

Let uj = \/—ldd(l) be a smooth /3-weighted Kahler metric and let u = Ccj). Then u{x) = 
J2j I^J^hix) loglj{x) + f{x) for some / G C7~(P). 

Example 3.1. Let P = [0, 1] then the associated toric manifold zs X = with the 
polarization 0(1). We consider the symplectic potential by 

u = (/3i)"^xlogx + /32'^(l - x)log(l - x). 

Then 

p = log |zp = u'{x) = (/3ri - p:,^) + log or |zp = —f—^e^^'-P^' 

(1 — xjPa (1 - x)P2 

and so 

X ~ \z'\^^^ near 0, (1 — x) ~ near oo. 

In particular, x is a smooth function in \z\'^^^ near z = and (1 — x) is a smooth function 
in \z\~^^^ near z = co. The Kahler potential ip is given by 

^(p) = x(/3r' - P2') - 1^2' iog(i - 

Hence \/—lddip extends to a conical metric with cone angle 27r/3i and 27r/32 at [z = 0] and 
[z = 00] respectively. When P = l^i = P2, ^ = log(l + <ind the uj = l^f^^ddip is 

a smooth conical Kahler- Einstein metric in ci(P^) satisfying 

Ric(w) = I3uj + {1- f3){[z = 0] + [z = 00]). 

Lemma 3.1. Let g be a smooth jS-weighted toric Kahler metric on a toric manifold Xp. 
Let D be the toric divisor such that g is a smooth toric Kahler metric on X\D. Then for 
any k > 0, there exists Ck > such that for any point p £ X \ D, 

(3.26) \V^gRm{g)\g{p) < C^. 

Proof. The calculation of \'VgRm{g)\g{p) can be locally carried out on the /3-covering space 
for each coordinate chart (p, {fi}f=i) as in the orbifold case. All the quantities must be 
bounded because the g' is a smooth toric Kahler metric after being lifted on the covering 
space. 

□ 

We now can solve a Monge- Ampere equation with smooth /3-weighted data. 
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Proposition 3.2. Let oj he a smooth (3-weighted toric Kdhler metric on a toric manifold 
Xp. Then for any smooth P -weighted function f on Xp with f-^^ e~^uj'^ = J^^cj", there 
exists a unique /3-weighted smooth function ip satisfying 

(3.27) (w + ^/^^^ip)'' = e^ w'^, sup if = 0. 

Xp 

Proof. We consider the following continuity method for t £ [0,1] 

(3.28) {uj + V^ddift)'' = e'^+^'u'', 
where q is determined by f-^^ e*-^''"'^*a;" = Jj^^ uj"". Let 

S = {te [0, 1] I (I3:28]l is solvable for t with (ft G C^{Xp)}. 

Obviously, £ S. S is open by applying the implicit function theorem for the linearized 
operator 

A;3,i :C^^+2'"(Xp)^C7^^'"(Xp). 

All the local calculation can be carried out in the /3-covering space on each coordinate chart 
(Pii^iliLi) because all the data involved are invariant under (5^)"'-action. It suffices to 
prove uniform a priori estimates for ipt in C^{Xp) for t G [0, 1]. 

-estimates. Let be a smooth volume form on Xp. Then ^ ^^''^ lies in L^'^''{Xp,Q) 
for some e > 0. By Yau's Moser iteration [51] adapted to the conical case or by Kolodziej's 
L°°-estimate [20], there exists C > such that for ah t G [0, 1], if ft G Cf{X) solves dS^Hj), 

\Wt\\L°°(Xp) < C. 

Second order estimates. We consider 

Ht = \ogtr^{ut) - Aipt. 

Suppose at t G [0, 1], supjjc^ Ht = Ht{q). We lift all the calculation on the (S'^)"'-invariant 
/3-covering space in a fixed local coordinate chart w G C"". Standard calculations show that 
near q, there exists C > such that 

^pHt > -Ctrc, (w) -An + Atr^, {oj) 
> —trco, {ij) - C, 

where q, u and ojt are the lifting of q, co and Uf By the maximum principle, at q, trijj^{Cj) 
is bounded above by a constant independent of t G [0, 1]. Combining the equation (I3.27|) . 
tfui^t) is also bounded above by a constant independent of t. Hence there exists C > 
such that for for ah t G [0, 1], if ift G Cf{X) solves dS^S]), 

C~^oj <ujt< Cuj. 

Higher order estimates. Calabi's third order estimates can be applied the way as in |5HI32] 
by the maximum principle after lifting all the local calculations on the (S'^)"-invariant 
covering space. The Schauder estimates can also be applied by the bootstrap argument. 
Eventually, for any A; > 0, there exists Ck such that for all t G [0, 1], if (ft G C^(X) solves 

□ 
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3.2. Proof of Theorem II. 3L An n-dimensional integral polytope P is called a Fano 
polytope if it is a Delzant polytope and Aj = 1 for each defining function li{x) = Vi - x + \i. 
Immediately, we have € P. The toric manifold Xp associated to P is a Fano manifold. 
Each (n — l)-face of P corresponds to a toric divisor of P. Then the union Dp = Dj for 
all the boundary divisors lies in ci{X) = ci{—Kx), where Dj is the toric divisor induced 
by the face {lj{x) = 0}. In particular, [D] is very ample. 

The Futaki invariant of Xp with respect to (S'^)"-action is shown in [27] exactly the 
Barycenter of P defined by 

_ /p xdV 
'~ JpdV 

where dV = dxidx2---dxn is the standard Euclidean volume form. 

The following theorem is due to Wang and Zhu [50] for the existence of Kahler-Einstein 
metrics on toric Fano manifolds. 

Theorem 3.1. There exists a smooth toric Kdhler- Einstein metric on a toric Fano mani- 
fold Xp if and only if the Barycenter of P coincides with 0. 



If the Barycenter is not at the origin, it is also proved in [50] that there exists a toric 
Kahler-Ricci soliton on Xp. The following theorem is proved by Li [21] to calculate the 
the greatest Ricci lower bound R{X). 



Let Pc he the Barycenter of P and Q € dP such that the origin O G PcQ- Then the greatest 
Ricci lower hound of Xp is given by 



Theorem 3.2. Let Xp he a toric Fano manifold associated to a Fano Delzant polytop P. 

I that 

(3.29) R{Xp) = 

\PcQ\ 

For any r G M", we define the divisor D{t) by 

N 

(3.30) DiT) = Y,l,ir)Dj. 

i=i 

D{t) is a Cartier M-divisor in ci{X) and it is effective if and only if r G P. The defining 
section Sr of D(t) is given by the monomial 



Although Sr is only locally defined, 



\sJ' = \z\'- 



is globally defined and |st-|~^ induces a singular hermitian metric on —Kx and can be 
viewed as a singular volume form with poles along Dj of order lj{T). We immediately have 
the following lemma. 

Lemma 3.2. If R{X) < 1, then the M-divisor D[t) with r = — j-r^Pc is effective if and 
onlyifae[0,R{X)]. 

We consider the following real Monge- Ampere equation on M" for a convex function (f) 
(3.31) det(V20) = e-"0-(i-")r-p_ 
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Let u = C(j) be the symplectic potential. Then 

dei{V^u) = (det(V2</.)")"^ 
and dual Monge- Ampere equation for u is given by 

(3.32) det(V2u) = e-««+(«x+(i-«)r)-v«_ 

If we let (jj = \/—ldd(f), the corresponding curvature equation is given by 

Ric(w) = au} + {l- a)[D{T)]. 

Lemma 3.3. Suppose there exists a smooth conical Kdhler- Einstein metric oj = \/—lddcl) 
satisfying 

Ric{u) = aw + (1 - a)[D{T)] 
for some a G (0, R{X)] and t £ P. Then 

OL 

(3.33) r = Pci for a 1, r = 0, for a = 1. 

1 — a 



Furthermore, there exists f G C°°{P) such that 

N 

(3.34) C^ix) = J^/3-iZj(x)logZ,(x) + f{x), (3. 



Proof. Consider the corresponding Monge- Ampere equation (det V^c/))" = g Q^</' (i a)T-p_ 
The right hand side g-°"t>-i'^-o')'r-p jg integrable on and in fact 

f ^-a^-[l-a)r-p^p^ f det(V2(/.)dp = / w" =Ci(X)". 

Then the Monge- Ampere mass det (V'^cp) dp becomes dx by the moment map and 
= / V (e^^^-^^~"^^-p) dp 

= - / {aV4> + (1 - a)r)e-°^-(i-")^-^dp 

= — {ax + (1 — a)T)dx 
Jp 

= -{aPc + (1 - a)T) j dx. 

Therefore r = r^Pr for a 7^ 1. 

Suppose u{x) = C(t){x) = Ylf=i (^j'^h(^)^'^Sm^) + fi^)- The Monge-Ampere equations 
for (j) and u are given by 

det(VV) = e-''^^+^^-p\ det(V2n) = e-a("-(^-ft)-v«)^ 

Without loss of generality, we assume that li{x) = l2{x) = ... = ln{x) = with li{x) = 
Vi ■ X + 1, 1 < i < n defines a vertex p of P. Then there exists a smooth positive function 
F{x) on any compact subset U oi P with U n {lj{x) = 0} = for all j > n, such that 

F{x) 



det(V"'M) 



h{x)l2{x)...ln{x) ■ 
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On the other hand, 

N N 

u{x) - (x - Pe)Vn(x) = Pj%{Pc) log h{x) - - Pc) ■ vj -{x- Pc) ■ V/(x) 

and so 

-a{u-{x-Pc)-Vu) _ e 



By comparing the power of lj{x), we have 



l3j = lj{Pc)a 



hiPc] 



a 



lj{0) 

since lj{0) = 1. This completes the proof of the lemma. 

□ 

Lemma 13.31 tells us that we should consider the following Monge- Ampere equation 
(3.35) det(v2,/.)" = e-"('^-^=-''). 

The right hand side of equation ()3.35p is always integrable because Pc lies in P and <j) — 
log(Sfc e^*"^) is bounded on M" where pk runs over all vertices of P. 

I (P ) 

For each a E (0,1], we define /3 = /3(a) = (/3i, /32, /^A^) by = -jj^ct- 

Lemma 3.4. For any a € (0,1], there exists a C^^,) conical toric Kdhler metric uj such 
that 

Ric(a;) = aO + {I - a)[Z)(r)], 
where 6 € ci{X) is a fixed C'^^,) toric Kdhler metric and r = j^Pc- In particular, 
mc{uj) > 0, ifa£ (0,i?(X)). 

Proof. It suffices to prove for a G (0, 1). Let u{x) = (3~^lj{x) loglj(x) for Pj = '^j^^^a. 

Let (j) = Cu and Cj = \/—lddcj). Then there exists a C"^^^ real valued (1, l)-form rj £ ci{X) 
and a divisor D{t) with r = —jr^Pc such that 

V^ddlogLo'' = ar? + (1 - a)[D(r)]. 
This is because along each Dj defined by lj{x) = 0, lj^ has a pole of order 

l-/3j = l-/j(P,)a 

and 



(1 - a)D{T) = (1 - a) 



Since r] £ ci{X) is C^^^y there exists V' S C'^q) such that r] + \/—lddip is a C'^q,) toric 
Kahler metric. We can assume that f-^^ e^u"' = f-^^ CJ^ after a constant translation. 
Then by Proposition 13.21 the following equation 

{Cj + ^f^^^ipY = e^^"", sup if = 

Xp 
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admits a unique C'^q) solution ip. By letting w = w + \/—lddip and 6 = rj + \/—lddip, we 
have 

Ric(a;) = aO + {1 - a)[L»(r)]. 

□ 

By Lemma 13. 4| we can choose a C'^^-^ Kahler potential <po with ujq = \/—ldd4>o such 
that 

Ric(a;o) = a(9 + (1 - a)D{T) 
for a C^^)(Xp) Kahler metric 9 e ci(Xp) and r = if a / 0. Let 

w = - i-aPc ■ p - logdet(V2<^o)) • 
a 

Then 

V—iddw = 9 

and 1 1/7 — 1^1 is uniformly bounded by the argument in Lemma |3.4[ This implies that w is 
a C'^„) Kahler potential and we have 

We will then define the following continuity method for a family of Monge-Ampere 
equations for t £ [0,a] 

det(V2(/.t) = e-ti'l>t-Pc-p)-i^-t)w^ 



(3.36) 

Let (ft = 4>t 

and 



and define C^^^^ functions h^^ and hg on Xp by 



-139 log 



Iddhu,^ = aojQ + (1 - a)[D{T)] 



-laaiogr 



^ddhe = a9 + {l- a)[D(r)], / e''*^ 

Jxp 

Then equation (j3.36p is equivalent to 

_t_ a — t 

(3.37) {y/^ddujo + ^/^ddft) 



Xp 



where /iojq and hg are C'^q) on Xp with 



-\dd\o^uf^-^ddK^ = QWo+(l-a)[L»(r)], 



-iaaiogr-\/^a9/ieo = a9+{l-a)[D{T)] 



Let 



5 = {t G [0,a] I (13361) is solvable for t with V^dd(l)t £ C^(Xp)}. 
Obviously, 0o solves (I3.36|) for t = and so S (p. Notice that 

Ric(6Jt) = tuJt + {a- t)9 + (1 - a)[Z)(r)] > tut 
for i G [0, a] and r = j^-Pc if a 7^ 1. It implies that the first eigenvalue of the Laplace 
operator Aj = is strictly greater than t. By the argument in Proposition 13. 2^ 

S is open and it suffices to show that S is closed by proving uniform a priori estimates for 

4>t - 00- 

Proposition 3.3. There exists C > such that for all t G [0, a], 
(3.38) Ut-U\L^{^^)<C. 
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Proof. We fix some positive eo € «S. We let 

$t = a"^ {(t>t -Pc-P) and W = a-^{w - ■ p). 
Then the equation (j3.36p becomes 

detV2ci>, = e-(**+^). 

Let Wt = + W . Immediately, we can see that the moment map with respect to <I>t is 
given by 

Ft-.V^^P- Pc 

whose image is the translation of P by —Pc- In particular, the Barycenter of the new 
polytope P — Pc coincides with the origin. 
Suppose 

mt = Wtipt) = inf Wt{p) 

for a unique pt G since Wt is asymopotically equivalent to log(^ e^P'=~^'=^'^) where 
are the vertices of P. We can apply the same argument by Wang-Zhu in [50]. First one 
can show by John's lemma and the maximum principle (see Lemma 3.1, 3.2 in [50]), that 
there exists C > such that for all t E [eo , a] , 

mt = Wt{pt) = mfWt{p)<C. 

Then by making use of the fact that the Barycenter of P — Pc lies at the origin O, the same 
argument in [50] (Lemma 3.3) shows that there exists C > such that for all t E [eo, a], 

\pt\ < c. 

This then implies that 

is uniformly bounded above for t E [eg, a] by the same argument in Lemma 3.4 in |50] . 
The uniform lower bound of (ft can be obtained either by the Harnack inequality 

-inftft < C{1 + sup (ft) 

Xp 

adapted from the smooth case or directly by the argument in Lemma 3.5 in [50] . 

□ 

Lemma 3.5. For any k > 0, there exists Cfc > such that for all t E [0, a], 
(3-39) \\^t\\ck{Xp) < Ck- 

Proof. The Laplace A^^^),**^* is uniformly bounded by Yau's estimates after lifting the 
calculations to the /3(a)-covering space as in the proof of Proposition [321 The C^-estimates 
and the Schauder estimates can be applied in the same way. 

□ 

Theorem 3.3. Let Xp be a toric Fano manifold. 

(1) For any (3 E (0,i?(Xp)), there exist a unique smooth toric conical Kdhler- Einstein 
metric oj and a unique effective toric W-divisor Dp E | — Kx\ satisfying 

Ric(w) = /3a; + (l-/3)[L'^]. 



THE GREATEST RICCI LOWER BOUND, CONICAL EINSTEIN METRICS AND THE CHERN NUMBER INEQUALIT27 

(2) For (3 = R[Xp), there exists a unique smooth toric conical Kdhler- Einstein metric 
oj satisfying 

(3.40) Ric(w) = R{Xp)uj + (1 - R{Xp))[Dp] 

for an effective Q-divisor Dp in ci{X). In particular, if Dj is the toric divisor 
associated to the face defined by lj{x) = Vj ■ x + Xj = 0, then 

and the cone angle of oj along Dj is 27r/3j, if R{X) < 1. 

(3) For (3 G {R{X),1], there does not exist a smooth toric conical Kdhler- Einstein 
metric oo satisfying 

Ric(a;) = /3w + (l-/3)[D], 
with an effective M-divisor Dp in [—Kx\- 

Proof. (1) and (2) are proved by the uniform estimates from Lemma |3.5[ If /5 > R{Xp), 
there still exists a smooth conical Kahler-Einstein metric satisfying Ric{uj) = /3a; + (1 — 
l3)[Di3] for some toric divisor D, however, by Lemma [3^2} D is not effective and so (3) is 
proved. 

□ 

Corollary 3.1. Let X be a Fano toric manifold and oj G ci{X) be a smooth Kdhler metric. 
We define 

F^,M = U^)-^ f v^a;" - - log / e"-'^a;- 
V Jx a y Jx 

for all LP G C°°{X) n PSH{X,oj). Suppose R{X) < 1. Then 

(1) for a G {0,R{X)), F^^a is J-proper. 

(2) fora = R{X), F^, Q, is bounded below. 

(3) for a G {R{X), 1], i^i^^PSH{x,u)nc^{x) F^jAv) = 

Proof. It suffices to prove (2) by Corollary 12.21 . This can be proved by modifying the 
argument in [71 [5]. By Theorem 13. 3^ there exists a unique (S'^)"-invariant Tp G L°°{Xp) n 
PSH{Xp,uj) satisfying 

where VL^^ is a smooth volume form with ^/^^^^\ogQ.i^ = —u and il/j is a positive {n,n)- 

current with -^f^ddlogVLu = [D] and D = D (j^^'c)- For any ip G PSH{X,uj) n 

L°°{X), let (fit be the weak geodesic ipt joining and ip with ipo = ip and tpi = ip. Then 
the modified functional 

fit) = F^A^t) = U^t) - i / ipti^^ - i log 1 / e-^^i, 

y Jxp a V Jxp 

is convex on [0,1] and /'(O) > by applying the same argument in Theorem 6.2 in [?]• 
This shows that T^^a is bounded below and since 0/) is bounded below away from 0, and 
therefore F^^a is bounded from below as well. 

□ 
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Example 3.2. Let X be blown -up at one point. Then R{X) =6/7 shown in and 
X admits a holomorphic fibre bundle n : X ^ . Let be the infinity section of vr 
and Hi and H2 be the two toric fibre o/vr. Then the divisor Dp in the equation ^3^4^ 
is given by 

Dp = 2Doo + (^1 + H2)/2. 

We remark that for /3 G {R{X), 1], there exists a smooth toric conical Kahler-Einstein 
metric in ci(Xp) satisfying Ric((7) = I3g + {1 — l3)[Dp] for some toric divisor Df^ in ci{Xp) 
which can not be effective. However, it is not a conical Kahler metric we are interested 
in, because the Ricci current of such Kahler-Einstein metric is not bounded below. We 
also notice that in the case of /? = R{X) < 1, the conical Kahler-Einstein metric is not 
necessarily invariant under the maximal compact subgroup of the automorphism group of 
X by the following example. 

Example 3.3. Let X be blown -up at one point. It is a compactification of \ {0} 
by adding one divisor Dq = at and another divisor D^ = at 00. The maximum 
compact group of the automorphism group of X is U{2). The only divisor in ci{X) fixed 
by the U (2) -action is given by 

D = 3[D^] - [Do]. 

Therefore, there does not exists a smooth conical Kahler-Einstein metric on X with positive 
Ricci current. In fact, there does not exist any conical Kahler-Einstein metric for such D 
by the following observation, although one can look for complete conical Kahler-Einstein 
metric in this case. 

Let z = (-21,^2) G and p = log|zp = log|zip + |2;2p G Then a convex function 
u = u{p) satisfies the Calabi symmetry if 

(1) u" > , 

(2) there exists < a < b and /3i,/32 > such that Uq{0) > 0, U'^{0) > 0, where 
Uoie^'f) = u{p) - ap and Uocie'^^P) = u{p) - bp. 

Then y/—lddu extends to a smooth conical Kdhler metric uJu on X. In particular, if we 
choose 6 = 3 and a = 1, G ci{X). The conical Kahler-Einstein equation for iVu is given 
by the following ODE 

u'u" = e^''-"". 
Differentiating both sides after taking the log, we have 

v!" u" 

— + — = 2-au. 

u" w 

Let X = u' and Y{x) = u"{p). Then we have 

Y'{x) + (x-i + a)Y{x) = 2, Y{1) = Y{3) = 

and so 

Y(x) = - - ^ + ^— , (3a - 1)6^" - a + 1 = 0. 

Hence by the monotonicity of (3a — l)e^" — a + 1, a = but it contradicts the assumption 
u'u"{oo) = 0. On the other hand, there exist smooth conical Kahler-Einstein metrics in 
b[Doo] — a[Do] for some < a < b by solving the above ODE in the same way. 
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4. The Chern number inequality 

4.1. Curvature estimates. In this section, we will derive some curvature estimates for a 
smooth conical Kahler metric whose Ricci curvature is bounded. 

Let D be the smooth simple divisor of X. At each point p on D, we can use the following 
holomorphic local coordinates 

Z = {y,C) = {zi,-,Zn-l,Zn), y = {zi, Zn-l), C = Zn 

and D is locally defined by ^ = 0. We write ^ = r^/l^e'^ for 6 G [0,27r). We use Greek 
letters a, f3, ... as indices for 1, n and letters ... for 1, n — 1. 

Let us recall the following result by Jeffres, Mazzeo and Rubinstein in |18] on a complete 
asymptotic expansion of smooth conical Kahler metrics. . 

Proposition 4.1. ( \18\ Proposition 4.3]j Let u be a smooth conical Kahler metric with 
conical singularity along a smooth simple divisor D of angle 27r/3. Suppose (p is a local 
potential of uj, i.e., uj = \/—lddif in a neighborhood of a conical point {y,S,)> then the 
asymptotic exapansion of ip takes the following form 

(4.41) ^{r,d,y)r^ Yl ajki(.0, zy^Hlogry . 

j,k,l>0 

In particular, if the Ricci curvature of lo is bounded and /? G (1/2,1), (p has the following 
expansion 

(4.42) (^(r, 9, y) = aoo(y) + (aoi(y) sin 6 + b^iv) cos Oy'^ + a2o(y)r2 + 0^+') 
for some e(/3) > 0. 

When the Ricci curvature is bounded and /3 G (1/2, 1), 

^ = a{y) + h{y){i + i) + ^c{y){i - + d(y)|e|'^ + o(|eP''+^) 

for some e > 0. From now on in this section, we will always assume that g' is a conical 
Kahler metric on X with cone angle 27r/? for (3 G (1/2, 1) along the simple smooth divisor 
D, in addition, the Ricci curvature of g is bounded. 

The following lemma can be obtained by straightforward calculations. 

Lemma 4.1. Let g be a smooth conical Kahler metric with cone angle 27r/3 along a smooth 
simple divisor D for (3 G (0, 1). Let o(l) be the quantity satisfying lim|^|_j.o ^'(l) = 0- Then 

(4.43) g,^,^ ~ 6^, + 0(1) 

(4.44) 9f^-\i\-'^'-'^ + om-'^'-^~^). 

(4.45) 5.,f~0(l). 

By taking the inverse, we have the following corollary from Lemma |4.1[ 

Corollary 4.1. Let g be a smooth conical Kahler metric with cone angle 27r/3 along a 
smooth simple divisor D for /3 G (0, 1). 

(4.46) g'^~'^ ~ 5ij + o(l) 



(4.47) 



/«"^ie|2a-/^) + o(|ep(^-«). 
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(4.48) ~ lep^^-^^. 

The following lemmas give the estimates for the curvature tensor of g. 

Lemma 4.2. Let g be a smooth conical Kdhler metric with cone angle 27r/3 along a smooth 
simple divisor D for /3 G (0, 1). If the Ricci curvature of g is bounded, then 



(4.49) 






(4.50) 


^z.zji^ 




(4.51) 


Rizjizi 


= o(icr^). 


(4.52) 




= o(i^r')- 


(4.53) 







Proof. The estimates (I4.49p . ()4.50p and ()4.5ip can be shown by straightforward calculation 
using the curvature formula 

T> _ _ _ _ I 

The estimates (j4.52p and ()4.53p follow by combining the boundness of the Ricci curvature 
and the estimates (|4.50p and (|4.5ip . 

□ 

Corollary 4.2. Let g be a smooth conical Kdhler metric with cone angle 27r/3 along a 
smooth simple divisor D for f3 G [1/2, 1). // the Ricci curvature of g is bounded, then 

RZ,z,-z, - Rlz,-z. = om'^'-^^ 

From the curvature estimates, we immediately have the following proposition. 

Theorem 4.1. Let g be a smooth conical Kdhler metric with cone angle 27r/3 along a smooth 
simple divisor D for (3 G (0, 1). // the Ricci curvature of g is bounded, then We have the 
following pointwise estimates for 

Consequently, the L^- norm of Rm{g) is bounded, i.e., there exists C > such that 
(4.54) J^\Rm{g)\l dVol{g)<C. 

4.2. Chern forms for conical Kahler metrics. Let g' be a smooth conical Kahler metric 
with cone angle 27r/3 along a smooth simple divisor D. We let 9 be the connection form on 
the tangent bundle TX induced by g, so locally we may write 

ga _ ai3 _ i 
^■y — 9 9'y(3,r]"'^r! 
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and il" = 89" be the curvature form of 6. Then the total Chern class is defined by 

n 
i=0 

and let Pi{^i, being the polarization of Ci(il) = Ci{X,g) for the conical metric g. 

Let go be a smooth Kahler metric and 9q be the connection induced by go as 

(^o):; = {gor^{go\^^^dz,. 



Then Qo = \/—ld9Q is the curvature form of 9q. 
Let 9t = t9 + {1 — t)9o with curvature 

Q^ = d9t = m + {l- i)0o- 

Then we have ^ 

C2iX,uJ)-C2{X,oJo) = 2^/^ [ dP2{9 -9o,^t)dt. 

Jo 

We will construct connections on the divisor D from 9 and ^o- Let p be a point in the 
divisor D. We can choose holomorphic local coordinates 

such that D is locally defined by ,^ = as in section ITTl 
Definition 4.1. We define H and Hq locally by 

(4.55) H^j = g,-, = {R-^j, H^- = g^j, 
and 

(4.56) iHo)ij = (go).J, {Hof = iH^\j, (Fo)„j = (5o)„J. 

Definition 4.2. For each coordinate system (z,^) chosen as above, we define (1,0)- forms 
01) and 9q^d locally by 

(4.57) 9n = {9i)\n 
and 

(4.58) 9o,D = {0o)i\D + H'~^H^j{9o)'^\D. 
Lemma 4.3. The {l,0)-form 

(4.59) 9d = {H'~^Hf^^f,\D)dzk = 9 log det H\d 

defines a global smooth Chern connection of the anti- canonical line bundle of D. In partic- 
ular, its curvature form \J —1800 is a smooth closed real (1, l)-form in ci{D). 

Proof. By Corollary l4.lt we have 5*"|z) = and hence 

{OD)i = f^9i-p,kdzk = {H'^Hij^k\D)dzk = d{logdet H\d) = 91og(w|D)"-^ 

By Proposition 14.11 the regular part of u restricted to D is a smooth Kahler form from 
the expansion in Proposition 14.11 and for different holomorphic local coordinates z = 
{zi, Zn-i) and w = {wi, vun-i) on D, 

dzi 



eoiz) =9 D{w) + d log 



det 



dwj 
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Therefore On defines a smooth connection on anti-canonical bundle of D. 

□ 

Lemma 4.4. The {l,0)-form 

Oo,D = ({eo)i + {H'^H^j){eo)7)\D 



defines a smooth Chern connection of the anticanonical bundle of D. In particular, v— T5^o,D 
is a smooth closed real (1, 1) form in ci{D). 

Proof Since go is smooth and the restriction of H^j, H^^ , H^j to D are all smooth by the 
asymptotic expansion in Proposition 14.11 6q £) is locally smooth. It suffices to show that 
they patch together give rise to a connection. 

To do that we need to show that the transformation of ^o.D under different coordinate 
charts satisfies the cocycle condition for the anticanonical bundle of -D. Let (zi, -^n-i) and 
(ifji, ...,Wn-i) be two holomorphic local coordinates for some neighborhood of a point pm.D. 
Then they extend to two holomorphic coordinates (21, .., Zn-i-, Zn = C)i i'^ij ■■■I'^n-iiWn = 
77) in a neighborhood of p in X, where D is locally defined by = and = 0. Therefore 
for i = 1, .... n — 1, 



By letting 



we obtain along 

A = 

Straighforward computations show that 







dr] 


_ 


= 0. 

D 










dzi 








4° — 


dZa 


B^ = 


- dz,'^' 


_ dzi 
dwk 


, Bl = 


dwi 

dzk ' 




* ^ 

drj J 


, B = 


( B * 


)-• 


= B-' 


A = 



eoMz) = Oo,DH + 9log\detA\^ 

which completes the proof. 

□ 

For any smooth conical Kahler metric u with cone angle 27r/3 along a smooth divisor 
D, we can define the first and second Chern classes ci{X,uj) and C2{X,uj). A priori, the 
intersection numbers among ci{X,uj) and C2{X,u}) might depend on the choice of cj even 
if the Ricci curvature of u is bounded. The following proposition relates the ci(X, cj) and 
C2{X,uj) to ci{X) and C2{X). 

Proposition 4.2. Let D be a smooth simple divisor on a Kdhler manifold D. Suppose ui is 
a smooth conical Kdhler metric with cone angle 27r/3 along D with bounded Ricci curvature. 
Then 

(4.60) [ ci{X,u)Au^-' = (ci(X) - (1 - P)ID]) • M"-\ 

Jx 
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(4.61) / C2{X,uj) A ^"-2 = (C2(X) + (1 - m-ci{X) + [D]) ■ [D]) • M"-^, 
Jx 

and 

(4.62) / c?(X,^)Aa;"-2^(ci(X)-(l-/3)[i?])2.[<-2_ 
Jx 

Proof. We break the proof into the foUowmg steps. 

Step 1. Equation (j4.60p and ( (|4.62p ) follow easily from that observation that Ric(c;j) is 
smooth OD. X\D and it continuously extends to a closed (1,1) form on X, which lies in 
the class of ci{X). Therefre, 

ci{X,u:) = ci{X)-{l-P)[D]. 

Step 2. We first introduce a few notations. Let ojq be a smooth Kahler form in the same 
class of [uj\. Since the curvature tensor can be viewed as the curvature in the tangent 
bundle, we write = (Oj), Oq = (^j) as the Chern connections on the tangent bundle with 
respect to the Kahler metric oj and loq. Their curvature forms are given by Q and Qq with 



Let s be a defining section of D and hhe a smooth hermitian metric on the line bundle 
associated to [D]. We define 

X, = {peX\ \s\l{p)>e^}. 
Then locally ^ = fS for some holomorphic function and on dX^, we have 
C = fs = \fs\e'^ = e\f\h-^/^e^^, a G [0,27r), 

and 

di = y/^ida + ee^'"d(|/|/i^i/2)_ 
Let T = (i(|/|/i-i/2). Then r is a smooth 1-form and on dX., 

dC = \^Cda + eT\gx, 

Step 3. At each point p G dX^, we can apply a linear transformation to (zi, Zn-i) such 
that g^j = 5ij at p and by rescaling ^ so that gnn = l^l"^^^"'^) near p. Let 

-^ij 9ijj ^ (-^ )jj) '^nj 9nj ■ 

then we have 

(4.63) = |er'(^^'')(5™ + omdet{g^^)r' = 5ni + o{l) = H'^H^j + o(l) 

and the connection form 9 has following estimates 

On = 4 = ^5"''5„^,A = -(l-/3 + o(l))r't^^ + E'^(l)-^^* 

i 

= -(1 - |3)^/^da + 0(1) • dzi (since ^ ~ e on dX^) 
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= Yl 9"^9n^,adZa = g'"" Qnu^nd^ + o{l)C^di + ^ o(l) • dZi 

i 

= rm-^^'~^\di + 0(1) • c^di + ■ dz, 

i 

= -(1 - /3)w~^H^jc'd^ + 0(1) • r'de + ''(I) • 

i 

= - (3)W~^H^jda + o(l) -da + Y ^(1) • dzi 

i 

Of = 0{l)-dC + Y'^('^ydzi = o{l)-da + Yoi'^)-dzi 

i i 

el = YO{^)-dza = o{l)-da + YO{l)-dzi. 



On dX^, by our assumption that f3 G (1/2, 1) and using (|4.63p we deduce 

= V^YK,apdZa/\dzp 
«,/3 



Y^ o(l) • da A dza + Yj ' d'^ dzp + Yj ■ dzi A dzj 



h3 



{g'^gn^,o) ^ dZa A dZ/s 

\^{g'^9nn,n)zkdzk A + ^/^(^^^ ff„j^„)j, dzfc ^ d^ + ^/^{g'^ g^j ^,,) ^d^ A dzk 
9nj,k)zidzi A (izfc + Y2 ^i^) ' dzk A dzi 



kA 



■1(1 - l3){W~^H^-),Jzk A r'f^C + X] • f^^fc A c?cT + ^ 0(1) • dzfe A dzi 

k k,l 

4(1 - f3)d{H'~^ H^-j) Ada + Y • d^fe A dcj + ^ 0(1) • dzk A dz; 



k k,l 

= V^Rl^^dzaAdzp 
= V^Rl^jd^ A dzi + V^Rlkndzk A 
+V^R'lf^jdzk A dz/ + o(l)(izfc A dz; 
= o{l)dzk Ada + o{l)dzk A dzi 



V-iR'p^^pdza A dzp 

^K,nid^ ^ '^^i + "^K^d^k A dC 
+V^Rl ,,idzk A dzi + o(l)d2;fc A dzi 
o{l)dzk Ada + 0{l)dzk A dzi 
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Step 4- By our assumption, a; is a smooth Kahler metric with cone angle 2ttP along D G X 
such that it Ricci curvature is bounded on X \D. This imphes that 

(4.64) n'^ = Ric(w) = (JO - (1 - f3)y/^ddlog \sd\1 

where /i is a smooth Hermitian metric on the line bundle Ox{D), ujq is a smooth Kaher 
metric and so € H^{X, Ox{D)) is a defining section for D. This implies that 



K A u;"-^ = {[ojo] - (1 - P)m ■ a;""i + o(e) , 

'x\x, 

from which we obtain (j4.60p . 

Let 9t = to + {1 — t)6Q be the connection on the tangent bundle TX. The curvature 

nt = V^BOt = tn + {i- t)no. 

The transgression formula gives 

C2{X,oj) - C2{X,ujo) = [ dP2{9 - 9o,nt)dt 

Jo 

and 

2P2i9-9o,nt) 

= (9- ooTn A mi -{0- eo)i A (nor + {0- oo)i A mi -{9- 9o)7 a ^1 

-{0-9o)lAm'! 
= -^/^{l-p){t^O + {l-t)^Oo)i/\da 

_(1 _ t){l - (^H'^H^jd{9o)f -{9- 9o)7 A d{H'''H^)) A da 

+o{\)da A dzk A dzi + 0{\)dzi A dzk A dzi 
= ^/^(l - /?) [-td{9l) Ada-{1- t)d (^{9o)l + W^H^ji9o)7) A da) 

+o{l)da A dzk A dz/ + 0{l)dzi A dz^ A dz;. 
Now let ?7 be a smooth Kahler form. Then 

/ {c2{X,u:)-C2{X,iOo)Arj^-^ 
Jx 

= (^j dP2{9-9Q,ta + {l-t)nQ)Ajf-^^dt 

= 2! (f P2{9-9o,tn + {l-t)no)Ar]''-Adt + o{l) 
Jo \JdX^ J 

= (1 - P)^f^ j^^ {-td{et) - (1 - t)d{{Oo)\ + H'~^H^^{9^)1)) A da A r,^~^dt + o(l) 

= (1 - C [ {-td9D - (1 - t)d9o,D) A ivlor^^dt 

Jo Jd 

= (1 - /3)(-ci(D)/2 - c,iD)/2) . [D] . + o(l) 

= (l-/3)(-ci(X) + [i^]).[i?].[C-' + o(l). 

The last three equalities follow from Lemma 14.31 Lemma 14.41 and the adjunction formula. 
And similarly, we have 
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(cf(X,a;)-cf(X,L.o)Ar?"-^ 

= 2(1 - /3) / - (1 - t)9((eo)°)) A da A v^-^dt + o(l) 

(by (BHD) = (l-/?)(^-ci(X) + (l-/3)[D]-ci(X)).[Z)].[C-' 

2(1 -/3)ci(X).[Z)] + (1-/3)2 [Z)py[^]n-2 



which is equivalent to (j4.62p . 

Step 5. Suppose that ujq G [uj] is a smooth Kahler form. We want to show that 

(4.65) / C2(X,a;) Aw"^2 = / C2iX , uj) A 

Jx Jx 



and 

(4.66) / c?(X,a;) Aa;"-2 ^ / c?(X, w) A w^'^. 

Jx Jx 

Since the proofs are parallel to each other, we will only prove the (j4.65p . Let (p be defined 

by w = Wo + \/—lddip. 

3 



/ C2(X,a;) A(a;"-2_^n-2) /■ ^QQ^ /\ C2{X , lo) 



Aw* AcJq"^"*. 



j=0 

For any i = 0,l,...,n — 3, 



'^aa^ A C2(X, w) A A Wo"^"' 
A C2(X, w) A w'' A w^"^-* + o(l). 



Note that 

(fif = o{l)d(T + 0{l)dzk, 

ijj = o(X)da A dzA,. + o(l)d(T A dzfc + 0(l)d2;fc A dzi 

and 

j^j: A ^] ~ f]} A ~ o;^ A f]^: ~ A 

= o(l)(izfc A dzi A dzp A do" + o(\)dzk A dz/ A dzg A do" + 0(l)dzfc A dzi A dzp A dzg. 
Therefore 

/^ddif A C2(X, w) A w* A w^"^"* 
dV A C2(X, w) A (J^ A Wq"^"^' + 
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after letting e tend to 0. 

Step 6. Finally, combining the above estimates, we obtain (I4.62|) and the proof of the 
proposition is completed. 



One can apply similar argument shows that if w is a smooth conical Kahler metric uj 
with cone angle 27r/3 along a smooth simple divisor D and if the Ricci curvature of oj is 
bounded, then the n*''-Chern number c„(X, is well-defined and does not depend on the 
choice of oo . 

4.3. The Gauss-Bonnet and signature theorems for Kahler surfaces with conical 
singularities. We first introduce the following definition. 

Definition 4.3. Let X he a Kahler surface and T, be a smooth holomorphic curve on 
X. If g is a smooth conical Kahler metric with cone angle 2tt(3 along we define the 
corresponding conical Euler number and signature by 



where S is the scalar curvature of metric g, W is the Weyl tensor for g and Ric is the 
traceless Ricci curvature. In particular, if (3 = \, we recover classical characteristic class. 

The Gauss-Bonnet and the signature theorems are proved in [1] for smooth compact 
Riemannian 4-folds with specified conical metrics with cone angle 2ttP along a smooth 
embedded Riemann surface. In particular. As an immediate consequence of Proposition 
14.21 and Definition 14.31 above, we obtain the following formulas related to the recent result 
by Atiyah and LeBrun [1] by removing the assumption f3 G (0, 1/3) in the Kahler case. 

Proposition 4.3. Let g be a smooth conical Kahler metric with angle 27r/3 for /? G (0, 1] 
along a holomorphic curve S. // the Ricci curvature of g is bounded, we have 



□ 




and 




o 



x{X,g) = x{X) - {I - (3)x{D) 
aiX,g) = a{X)-^{l-P^)[Df. 



Proof. To prove the statement, we apply the identity (cf. [T] ) 




and 




W~f)dg = -{cl{X,g)-2c2{X,g)) 



□ 



38 JIAN SONG AND XIAOWEI WANG 

4.4. The Chern number inequality on Fano manifolds. In this section, we will prove 
Theorem 11.41 

Proposition 4.4. Let X be an n- dimensional Fano manifold. If R{X) = 1, then the 
Miyaoka-Yau type inequality holds 

Proof. We fix a smooth simple divisor Z) G | — mKxl for some m G Z'^. Such a divisor 
always exists by Bertini's theorem. Then for any f3 G (0, 1), there exists a smooth conical 
Kaher-Einstein metric uj satisfying Ric(a;) = /3gu} + (1 — l3)m~^[D]. 
By Chern- Weil theory, if we let 

° — J? 

Rfjkl- RfjkT - + 1) ^^dijdkT + 9iT9kj)^ 

° „ tr(Ric) 

Ric= Ric g 

n 

be the traceless curvature and Ricci curvature tensor, we have 

^ ' C2{X,uj)-cl{X,uj)] -[uj^-^ = - -/ {^—\R\^ ^liJiclMo;". 



n J n[n — 1) Jx \ n 

We then have 

C2{X,uj)-cl{X,u)) •M""^ >o 



n 

By Proposition 14. 2( we have 

ciiX,u) = /3ci(X), C2{X,u;) = C2{X) + (1 - /3)(-ci(X) + [D]) • [D]. 
This implies that 

^^^C2(X) - /3'ci{X)) . (/3ci(X))-2 > 0. 
n J 

The theorem then follows by letting /? — )• 1. 



□ 



We also have the following lemma when R{X) < 1 with the same argument in the proof 
of Proposition 14.41 

Lemma 4.5. Let D G | — Kx\ be a smooth simple divisor. If there exists a conical Kdhler- 
Einstein metric gp for some /3 G (0, satisfying 

mc{g)=(3g + {l-(3)[D], 

then 

Theorem 11.41 is proved by combining Proposition 14.41 Lemma 14.51 and Theorem 11.21 
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4.5. The Chern number inequality on minimal manifolds of general type. The 

following proposition is first claimed in [52] , although the analytic part in the proof does not 
seem to be complete. The first complete proof seems to be given by Zhang [H] using the 
Ricci flow. In this section, we apply Proposition 14.21 to complete Tsuji's original approach. 

Proposition 4.5. Let X be a smooth minimal model of general type. Then 

(4.67) (^^i!^c2(X) - cliX)^ ■ (-ci(X))"-2 > 0. 

In particular, if the equality holds, the canonical Kdhler- Einstein metric is a complex hy- 
perbolic metric on the smooth part of the canonical model of X . 

Proof. Fix a smooth simple ample divisor D on X. Since [Kx] + ^[D] is a Kahler class for 
any e > 0, there exists a smooth conical Kahler-Einstein metric in [Kx] + e[D] with conical 
singularity along D satisfying 

Ric(a;) = -uj + e[D]. 
By the same argument in the proof of Proposition 14.41 

(^^^^^C2(X,oj)-c2(X,a;))-(-ci(X,a;))"-2 > / | ^ (a;)|2a;" > 0. 
n Jx 

By standard argument from |16t I55j . uj converges as e — )• to the unique Kahler-Einstein 
metric Qcan on the canonical model Xcan of X in C°° local topology away from the excep- 
tional locus the pluricanonical system. In particular, oJcan is smooth on the smooth part of 

Xcan ■ 

By letting e tends to 0, we have 

(4.68) (^^t±}lc2{X) - c?(X)) • {-c^{X)r-' > j^\°R (a;..„)|2a;^,„ > 0, 

o 

where X°^^ is the smooth part of Xcan- When the equality holds, R (gcan) vanishes on 
and so gcan must a complex hyperbolic metric on 

□ 

Then by the estimate (|4.68|) . we immediately obtain an L^-bound for the curvature 
tensor of the canonical Kahler-Einstein metric on the regular part of the canonical model 
associated to a smooth minimal model of general type. 

5. Discussions 

In this section, we make some speculations on the limiting behavior of the conical Kahler- 
Einstein metrics as /3 tends to R{X). 

Conjecture 5.1. Let X be a Fano manifold with R{X) = 1. Then by Proposition M.li there 
exists a smooth simple divisor D ^ \ — mKx\ for some m S Z+ such that for any e > 0, 
there exists a smooth conical Kahler-Einstein metric g^ with Ric((7e) = (1 — e)g^ -\- em~^[D\ 
for all e G (0,1). We conjecture that {X,g^) converges to a Q-Fano variety (-^oo)5oo) 
coupled with a canonical Kahler-Einstein metric goo in Gromov-Hausdorff topology. 

The above conjecture is related to the recent result in j45j . where the Kahler- Ricci flow 
is combined with the continuity method to produce a limiting Einstein metric space when 
R{X) = 1. We also make a more general conjecture when R{X) ^ 1. 



40 JIAN SONG AND XIAOWEI WANG 

Conjecture 5.2. Let X be a Fano manifold and D be a smooth simple divisor in \ —mKx\ 
for some m G 7j~^ . We consider the conical Ricci flow defined by 

(5.69) ^ = -mc{g) + fig + m-\l - f])[D] 

starting with a smooth conical Kdhler metric go G ci{X) with cone angle 27r(l — (1 — /3)77t,~^) 
along D. Then for some m G and a generic choice of D, we have 

(1) If P £ {0,R{X)), the flow converges to a smooth conical Kdhler Einstein metric on 
X with conical singularity along D. 

(2) If (3 = R{X), the flow converges to a singular Kdhler- Einstein metric on a paired 
Q-Fano variety {Xoo,Dcxi) with conical singularities along an effective Q-divisor 
Doo G i-KxJ. 

(3) If f3 £ {R{X),1], the flow converges to a singular Kdhler-Ricci soliton on a paired 
Q-Fano variety (Xoo,-Doo) with conical singularities along an effective Q-divisor 
Doo G [-KxJ. 
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